We consider a Kondo spin that is coupled antiferromagnetically to a large chaotic quantum dot. Such a dot is described by the so-called universal Hamiltonian and its electrons are interacting via a ferromagnetic exchange interaction. We derive an effective Hamiltonian in the limit of strong Kondo coupling, where the screened Kondo spin effectively removes one electron from the dot. We find that the exchange coupling constant in this reduced dot (with one less electron) is renormalized and that new interaction terms appear beyond the conventional terms of the strong-coupling limit. The eigenenergies of this effective Hamiltonian are found to be in excellent agreement with exact numerical results of the original model in the limit of strong Kondo coupling.
I. INTRODUCTION
The Kondo resonance, which emerges when a localized impurity spin interacts antiferromagnetically with a delocalized electron gas, has generated considerable interest over several decades by now. 1, 2 The observation that the Kondo resonance can be realized in the mesoscopic regime of quantum dots, in which many of the system parameters are experimentally tunable has led to much renewed interest over the last decade. 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13 This experimental work has been accompanied by much theoretical progress on the mesoscopic aspects of the Kondo problem. 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27 In the mesoscopic regime, the spin-1/2 Kondo impurity is typically represented by a small quantum dot with an odd number of electrons, while the delocalized electron gas is realized by electrons in leads or in a large quantum dot. In this work we focus on the latter case, assuming a small and a large quantum dots that are coupled antiferromegnetically as in Fig. 1a (see Ref. 9 for an experimental realization of such a setup).
There are certain features that distinguishes the mesoscopic Kondo regime from the bulk limit. While the conventional Kondo theory assumes a continuum band of energy levels in the electron gas, the single-particle energy levels in the large quantum dot are discrete. The discreteness and the dot-specific realization of these energy levels become important when the Kondo temperature T K , the characteristic energy scale of the correlated Kondo resonance, is of the same order of magnitude or smaller than the average level spacingδ. 17, 19, 23, 24, 27 In the conventional bulk Kondo model the electron-electron interactions in the electron gas are often neglected. However, for the present double-dot setup, electron-electron interactions in the large dot can play an important role. In the following we assume the single-particle dynamics in the large quantum dot to be chaotic, 28, 29, 30, 31 in which case the dot is described by the so-called "universal Hamiltonian". 32 This Hamiltonian describes the low energy physics in a Thouless energy interval around the dot's Fermi energy. For a semiconductor quantum dot with a fixed number of electrons and in the limit of a large Thouless conductance, the electron-electron interaction is dominated by a ferromagnetic exchange interaction that is proportional to the square of the total dot spin. Despite its conceptual simplicity, this universal Hamiltonian description was shown to yield a quantitative agreement 33 with experimental results measuring the statistics of the Coulomb blockade peak heights and spacings. 34 The effect of ferromagnetic exchange correlations on the Kondo resonance was first addressed analytically in the bulk limit, 35 and, more recently, mean-field studies were carried out in the mesoscopic regime. 23 In a recent work, we studied this problem numerically and provided analytical results for the weak and strong Kondo coupling limits. 27 We found that for weak Kondo coupling, the Kondo spin acts like an external magnetic field, assisting the ferromagnetic polarization of electrons in the large dot. In the case of strong Kondo coupling, the Kondo spin effectively removes one of the electrons of the large dot. We showed that this "reduced" dot with one less level and one less electron can again be described by a universal Hamiltonian but with a renormalized exchange constant.
A central issue that was not addressed in our previous work concerns the nature of residual interactions in the reduced dot beyond the renormalization of its exchange interaction term. From the work of Nozières 36 we know that a non-interacting electron gas turns into a Fermiliquid when strongly coupled to a Kondo spin. The dominant effective interaction between the quasi-particles in this Fermi liquid is a repulsive interaction between spins of opposite orientation that are in close proximity to the Kondo spin. In the present case, the finite exchange interaction in the large dot leads to new effective interaction terms in the strong-coupling limit. To identify these new interaction terms, we follow a strategy that is similar to the one used by Nozières, 36 i.e., we perform an explicit perturbative expansion of the effective Hamilto-nian of the reduced dot in the strong-coupling limit. In the presence of exchange interaction, this strong-coupling expansion is significantly more involved. However, the resulting effective quasi-particle interaction contains only a few new terms. The analytical expressions we derived for these effective exchange-like interactions are validated by a comparison with a full numerical diagonalization of the original two coupled dot model.
The outline of this paper is as follows: In section II we present the model of a spin-1/2 quantum dot that is Kondo-coupled to a large quantum dot (described by the universal Hamiltonian), and discuss the transformation from the single-particle orbital basis of the large dot to a chain site basis, commonly employed in the strong-coupling limit. In Section III we discuss the limit of strong Kondo coupling and use a projection method to derive an effective Hamiltonian for the reduced large quantum dot with one less electron. In section IV we describe the evaluation of the eigenenergies of this effective Hamiltonian, and in section V we compare the results derived from this effective Hamiltonian with an exact numerical solution of the original model. In section VI we conclude with a summary and discussion.
(Color online) (a) Schematic illustration of the system under consideration: a small quantum dot (left) with spin SK (Kondo spin) is coupled antiferromagnetically (coupling constant J k ) to a large quantum dot (right) with spin S d . The large dot is described by the universal Hamiltonian, characterized by a ferromagnetic exchange interaction (coupling constant Js). The N single-particle energy levels in the large dot are distributed within a band of width 2D (half-filling). The average single-particle level spacing is fixed and given bȳ δ. (b) The large dot is represented in the site basis (squares), in which SK couples only to site 0. In the strong-coupling limit, J k → ∞, it is useful to divide the Hamiltonian into three parts,ĤK0,Ĥcp,Ĥ 
II. MODEL
We consider a chaotic quantum dot that is coupled antiferromagnetically to a Kondo spin as realized, e.g., by a small quantum dot with an odd number of electrons. A schematic illustration of such a system is shown in Fig. 1a . In the following we will refer to the large quantum dot as the "dot" and to the small dot as the "Kondo spin."
A. Hamiltonian
In the limit of a large Thouless conductance, a quantum dot whose single-particle dynamics are chaotic is described by the universal Hamiltonian
Hereâ † n,σ creates an electron with spin up/down (σ = ±1) in level n in an orbital single-particle level with energy ε o n . We assume N spin-degenerate single-particle levels spanning a bandwidth of 2D = (N − 1) ×δ (δ is the mean level spacing). The second term on the r.h. 
where J k (J k > 0) is the Kondo coupling constant and s d (0) is the spin density of the dot at the tunneling position r = 0. The dot spin density at position r is given byŝ
whereψ † σ (r) creates an electron with spin σ at position r. In terms of the single-particle orbital wave functions φ n (r), the field operator is given byψ † σ (r) = N −1 n=0 φ n (r)â † n,σ and the local density of states of the dot is given by 17, 23, 24 
, with an average value ofρ ≈ 1/(Nδ).
B. Chain site basis
The strong-coupling limit of the system in Fig. 1a is more clearly described when the Hamiltonian in Eq. (2) is rewritten in a different basis, known as the chain site basis. This new basis is obtained by a unitary transformation of the orbital basis
such that site µ = 0 corresponds to the tunneling position r = 0, and the new one-body site Hamiltonian of the dot is tridiagonal, i.e., each site is coupled to its two nearest neighbors. Such a transformation is constructed by choosingĉ † µ=0,σ ≡ψ † σ (r = 0) and carrying out a GramSchmidt orthogonalization procedure.
2
The chain site single-particle energies ε when the latter is rewritten in the site basis. The offdiagonal matrix elements t µ ≡ t µ,µ+1 and t * µ ≡ t µ,µ−1 describe the hopping amplitudes between neighboring sites. A spinŝ µ can be associated with each site, where the spin of site µ = 0 is equal to the spin density at the tunneling position, i.e.,ŝ 0 ≡ŝ d (0). In the site basis, the Kondo spin couples only to a single site µ = 0. The Hamiltonian in Eq. (2) is now given bŷ
where the total spin of the dot isŜ d = N −1 µ=0ŝ µ . Herê H 0 is the one-body Hamiltonian of the dot in the site basisĤ
withĤ hop being the hopping Hamiltonian
The site basis formulation is particularly advantageous for the strong-coupling limit J k → ∞ when the site µ = 0 effectively decouples from the rest of the chain. Accordingly, we decompose the Hamiltonian in Eq. (5) into three terms (see Fig. 1b for a schematic illustration)
where H K0 describes the Hamiltonian of the Kondo spin plus site µ = 0,Ĥ ′ d is the Hamiltonian of a "reduced" dot with N − 1 sites µ = 1, . . . , N − 1 andĤ cp contains the remaining coupling terms.
µ=1ŝ µ is the spin of the reduced dot, we havê
is the "bare" Hamiltonian of the reduced dot, given by expressions similar to Eqs. (6) and (7) but with the sums over µ starting at µ = 1.
Here and in the following, operators in the reduced dot space of N − 1 chain sites µ = 1, . . . , N − 1 are denoted by primed quantities. For such operators, the summation over sites µ starts from µ = 1 rather than from µ = 0.
C. Site basis with good spin quantum numbers
The HamiltonianĤ in Eq. (8) is invariant under spin rotations and therefore conserves the total spin of the system (Kondo spin plus dot spin)
To take advantage of this symmetry, it is convenient to use a basis for which both the total spin S tot and the corresponding magnetic quantum number M tot ≡ S z tot are good quantum numbers. There are different ways to construct a basis with good total spin, but one of them is particulary useful in the strong-coupling limit J k ≫ t 0 , J s . To zeroth order in t 0 /J k and J s /J k , we can ignore the coupling term H cp , in which case the subsystem of Kondo spin plus site 0 decouples from the reduced dot. The HamiltonianĤ K0 is easily diagonalized by coupling the spinŝ
If site µ = 0 is singly occupied, i.e., n 0 = 1, this spin coupling will lead to either a singlet S K0 = 0 (lowest energy) or a triplet S K0 = 1 (highest energy). However, if site µ = 0 is empty (n 0 = 0) or doubly occupied (n 0 = 2), the spin at site 0 and the corresponding Kondo coupling term vanish. This results in an unscreened Kondo spin in a doublet state (S K0 = 1/2), the energy of which is intermediate between the singlet and triplet states.
We now construct a basis of good total spin that also reflects the division into singlet/doulet/triplet manifolds. The eigenstates ofĤ K0 are characterized by S K0 , M K0 with M K0 being the magnetic quantum number ofŜ K0 . The eigenstates of the reduced dot HamiltonianĤ
are the spin and spin projection, respectively, of the reduced dot and γ ′ denotes all other quantum numbers distinguishing between states of the same S ′ d . We then couple the above eigenstates ofĤ K0 with the eigenstates of the reduced dot to form states with good total spin and spin projection quantum numbers S tot , M tot . This basis of the coupled system is given
To keep the notation simple, we omitted the quantum numbers S K = 1/2 and
Spin selection rules determine the allowed values of the reduced dot spin S ′ d for a given value of the total spin S tot . We have S 
III. STRONG-COUPLING HAMILTONIAN
The strong-coupling limit is defined by J k ≫ t 0 . Since t 0 ∼ D ∼ Nδ, this limit corresponds to J kρ ≫ 1, wherē ρ = 1/(Nδ) is the average single-particle level density per site. In the strong-coupling limit, the lowest eigenstates ofĤ are dominated by the singlet manifold. The bare singlet Hamiltonian (in the limit whenĤ cp is ignored) is given by the reduced dot HamiltonianĤ ′ d with N − 1 electrons (except for a constant shift). However, virtual transitions between the singlet and doublet/triplet manifolds add correction terms to this Hamiltonian. Our goal is to determine the resulting effective Hamiltonian for the reduced dot in the strong-coupling limit.
A. Projection technique
In the limit of strong but finite Kondo coupling, the above three manifolds (singlet, doublet and triplet) are coupled to each other. Specifically, the exchange coupling term inĤ cp couples the singlet and triplet manifolds, while the hopping term between sites 0 and 1 couples each of the singlet and triplet manifolds to the doublet manifold. To account for these couplings we define projection operatorsP s /P d /P t on the corresponding singlet/doublet/triplet subspaces (P s +P d +P t = 1) and decompose the wave function ψ = ψ s + ψ d + ψ t accordingly. 37 The Schrödinger equation for the coupled systemĤψ = E ψ can then be written as
where each of the two indices α, β assumes any of three values {s, d, t} andĤ αβ ≡P αĤPβ . In the strong-coupling limit, our system is described to zeroth order by the singlet HamiltonianĤ ss , which contains the bare reduced dot HamiltonianĤ ′ d (for N −1 electrons) andĤ K0 (which assumes a constant value), completely decoupled from each other. Higher order corrections come from the coupling terms inĤ cp which lead to an effective "dressed" Hamiltonian of the reduced dot. This effective HamiltonianĤ eff is formally determined by eliminating ψ d and ψ t in Eqs. (12) and by writing a single equation in the singlet manifoldĤ eff ψ s = Eψ s , whereĤ eff is given bŷ
ts .
The diagonal componentsĤ αα in the above equation are determined by evaluatingĤ K0 [Eq. (9) 
Contributions to off-diagonal componentsĤ αβ with α = β originate inĤ cp . The hopping term inĤ cp changes the spin S K0 by ±1/2 and can only couple the doublet to each of the singlet and triplet manifolds, while the exchange termŝ 0 ·Ŝ ′ d inĤ cp only couples the singlet and triplet manifolds.
B. Expansion in the strong-coupling limit
The effective HamiltonianĤ eff and the construction of a good spin basis in the previous subsection are exact, in that no approximations were made beyond the original HamiltonianĤ in Eq. (2). However, the form (13) of H eff is not very useful for practical calculations. In the strong-coupling limit J k ≫ t 0 ∼ Nδ. Since the exchange constant J s is typically below ∼δ, the condition J k ≫ J s is automatically satisfied in the strong-coupling limit. We can then expandĤ eff in the two small dimensionless parameters t 0 /J k ∼ 1/(J kρ ) and J s /J k . We will do so up to fourth order in these parameters, where the expansion terms are measured in units of J k (this energy unit is set by the energy of the singlet).
The starting point for this expansion is the unperturbed singlet HamiltonianĤ ss , the eigenbasis of which is given by |n 0 = 1,
where E m and E m at large but finite values of J k are induced by the virtual transitions from the singlet to the doublet or triplet subspaces. These virtual excitations, in turn, give rise to effective interaction terms in the reduced dot, denoted by δĤ eff . The full effective Hamiltonian in the singlet manifod is then given byĤ eff =Ĥ ss + δĤ eff . The effective interaction terms in δĤ eff must be consistent with charge and spin conservation. 2 In particular, δĤ eff must be a scalar operator in spin space (i.e., invariant under rotations in spin space) and invariant under time reversal. This restricts the possible terms that appear in the effective Hamiltonian in the strong-coupling limit.
Scalar one-body terms, i.e.,n 1 and ( σĉ † 1,σĉ2,σ + h.c.) lead to a renormalization of the one-body part of the reduced dot HamiltonianĤ ′ d . Two-body scalars that can be constructed from the spinŝ 1 at site 1 and the total spin of the reduced dotŜ
,σ + h.c. are allowed but, as we shall see, they cancel out in the effective Hamiltonian.
We rewrite the effective Hamiltonian in (13) asĤ
In the terms δĤ 3 and δĤ 4 above we have replacedĤ dd +
td byĤ dd (the neglected term gives contributions that are higher than fourth order in the expansion parameters).
We next expand each δĤ i to fourth order in the parameters t 0 /J k and J s /J k . Since the energy E is of the order J k , the fractions appearing in each term can be brought to a form 1/(1 −X) withX being small in the expansion parameters. We then approximate 1/(1 −X) ≈ 1 +X +X 2 . In the following we summarize the explicit calculation of each term.
Evaluation of δĤ1
For δĤ 1 we find
In Eq. (19), we omitted the product termsÂĈ,BĈ,Ĉ 2 since their contribution is higher than fourth order, while the contribution ofÂB +BÂ can be shown to vanish identically.
To keep track of the various contributions for each of the δĤ i , we label them in the following by δĤ i,j . These terms are understood to act only in the space of the reduced dot while the Kondo spin and the spin on site 0 are locked into a singlet. The operators δĤ i,j in the reduced dot space are obtained by taking a partial expectation value . . . s in the singlet state. The corresponding operators in the full space are given, respectively, by P s . . . s P s . In Appendix A we list several relations that are useful in calculating the expectation values of various operators in the singlet space.
The most dominant contribution to Eq. (19) arises from the unity operator term (in the round brackets). We find
where we have substitutedĤ sd by the hopping Hamiltonian between sites 0 and 1,
and used Eq. (A-7). Alternatively,Ĥ sdĤds describes the spin transitions illustrated in Fig. 2a , and the result in Eq. (23) can be derived by using 
Except for an additional constant shift of
, this is a one-body operator that can be incorporated into the unperturbed singlet basis by simply redefining the site energy ε 
The term involvingB in Eq. (19) contributes only for a finite exchange interaction (J s = 0). We have 
The term involvingĈ in Eq. (19) is given by
This term appears in the conventional Kondo problem (where J s = 0) and is known as the Nozières term. Nozières found 36 that this term yields an effective interaction in the singlet-space that repels opposite spins on site 1. This term is induced by virtual transitions of the type singlet-doublet-triplet-doublet-singlet. Once we insert a triplet projectionP t in the r.h.s. of Eq. (30), i.e., we write the corresponding singlet expectation value as Ĥ sdĤdtPtĤtdĤds s , we can replace bothĤ sd andĤ dt by the hopping HamiltonianĤ 
With the help of Eqs. (A-1), (A-2), (A-7) and (A-11), we then find
An alternative way to calculate δĤ 1,4 is to use the spin diagram in Fig. 2e . It can be reduced to the transition diagram in Fig. 2b with the help of Table I in Appendix A.
The Nozières term (32) vanishes when site 1 is either empty (n 1 = 0) or doubly occupied (n 1 = 2) but is negative for n 1 = 1, thus favoring a singly occupied site 1.
The contribution fromÂ 2 in Eq. (19) is evaluated using Eq. (A-13) and Eq. (A-14) and leads to a constant shift
Finally, the contribution fromB 2 in Eq. (19) is found to be
where we have used Eq. (A-16).
Evaluation of δĤ2
We next turn to the singlet-triplet transitions as described by δĤ 2 in Eq. (18) . The corresponding expression for δĤ 2 is given by
In Eq. (35) we omitted the termsD 2 andDÊ, which can be shown to vanish.
The dominating term in Eq. (35) is the one involving the unity operator. The corresponding term induces a spin transition as in Fig. 2b . UsingĤ st = −2J sPs (ŝ 0 · S ′ d )P t and Eq. (A-9) we find
The same result can also be obtained with the help of Table II in Appendix A. The contribution δĤ 2,2 induced by the term involvingD in Eq. (35) can be simplified by using Ĥ stĤ 
The contribution δĤ 2,3 induced by the termÊ in Eq. (35) can also be simplified sinceŜ
′2
d acts in the reduced dot space (and therefore has identical action in the singlet and triplet manifolds). The resulting expression gives rise to transition pathways as shown in Fig. 2c , the sum over which is further simplified using (A-10) to give
The last term δH 2,4 in Eq. (35), containingÊ 2 , is found to be δH 2,4 = −(16J 
Evaluation of δĤ3
Following Eq. (18), the subsequent contribution, δĤ 3 , involves transitions to both the doublet and the triplet subspaces
where the operatorsÂ −Ê are the same as introduced above. Contributions involving products between {D,Ê} and {Â,B}, respectively, are higher than fourth order in the expansion parameters and therefore not considered here.
The dominant contribution, δĤ 3,1 originates in the transitions shown in Fig. 2d . Using Table I we can, however, simplify this transition diagram to the one of Fig. 2b , for which we obtain 
The diagonal matrix elements of δĤ 3,2 (when evaluated in the eigenstates of the reduced dot H ′ 0 ) vanish. Offdiagonal matrix elements enter in second order perturbation theory (for the effective Hamiltonian) and would lead to a correction ∼ J 2
k that is beyond the fourth order approximation. A convenient choice for E ′(0) is the average energy of the two reduced dot eigenstates (appearing in the corresponding matrix element). This choice leads to
The next term δĤ 3,3 , produced byÊ in Eq. (42), can be brought into the form of Fig. 2c (using Table I ), where a sum of all occurring terms can be identified with Eq. (A-4) , yielding
The contribution δĤ 3,4 induced byÂ in Eq. (42), is calculated to be
Following the same arguments used for the evaluation of δĤ 3,2 , we find δĤ 3,4 = 0. The termB in Eq. (42) gives rise to a transition diagram as in Fig. 2d which can be reduced to a diagram as in Fig. 2b with the help of Table III . Further simplifications involving several of the equations in Appendix A yield
Evaluation of δĤ4
To determine the terms contributing to δĤ 4 (up to fourth order), we can make the following approximations in Eq. (18): (E −Ĥ tt )
The resulting expression for δĤ 4 corresponds to a transition diagram as in Fig. 2f. Using Eqs. (A-1) , (A-4), (A-9) and (A-10) we find
Alternatively, we can also obtain this results by using Table I to get a transition diagram as in Fig. 2c , which can be simplified by using Eq. (A-4).
Additional terms
In the above calculations, we have replaced the energy eigenvalue E in Eq. (13) are included self-consistently. To the order we are interested in, it is sufficient to consider δĤ 1,1 and δĤ 2,1 [see Eqs. (23) and Eq. (38) , respectively] as corrections to
Higher order corrections to E in Eq. (50) lead to terms in the effective Hamiltonian that are higher than fourth order. Adding now the two correction terms from Eq. (50) to E ′(0) in Eq. (20) gives the following term
A similar correction to E ′(0) in Eq. (36) yields:
Up to fourth order, corrections to E ′(0) do not lead to additional terms in δĤ 3 and δĤ 4 .
The most dominant contributions in (56) are positive and thus lead to a stronger exchange interaction in the reduced dot than in the original dot,J s > J s . Since the Kondo spin and the spin at site 0 are coupled to a singlet, the spin of the reduced dotŜ ′ d =Ŝ tot , and is thus conserved (i.e., S
The effective Hamiltonian of the reduced dot contains several additional interaction terms, see Eq. (53). The term proportional to (3ŝ 2 1 − 1) is the Nozières term, known from the conventional Kondo problem (in the absence of exchange, J s = 0). 36 The term proportional tô s 1 ·Ŝ ′ d is a new effective interaction in the reduced dot that is induced by the finite exchange interaction (J s = 0) and describes an exchange interaction between the spin at site 1 and the spin of the reduced dot. This exchange interaction is to leading order antiferromagnetic but depending on the particular values of J k and J s it can also become ferromagnetic. The last term in (53) is a four-body term but usingŜ
tot , it is easily evaluated in terms of the conserved total spin S tot . It can be combined with the renormalized exchange interaction in the reduced dot by defining an exchange coupling that depends on the total spin.
IV. EIGENVALUES OF THE EFFECTIVE HAMILTONIAN
The effective Hamiltonian of the reduced dot is valid to fourth order in t 0 /J k and J s /J k (when its terms are measured in units of J k ). To determine its eigenenergies to this fourth order, it is sufficient to solveĤ eff in firstorder perturbation theory. BothH
d are diagonal in a basis of good orbital occupations and good total spin of the reduced dot, while a second-order perturbation theory of the remaining interaction terms leads to terms that are higher than fourth order in the combined power of t 0 /J k and J s /J k .
As required by first-order perturbation theory, we evaluate the expectation value ofĤ eff in the unperturbed basis, i.e., in the eigenbasis of the renormalized universal HamiltonianH 
For the good spin eigenstates ofH Using Eqs. (57) and (59), we can calculate the lowest many-body eigenenergy for each total spin value of the Kondo Hamiltonian (2) up to fourth order in t 0 /J k and J s /J k .
V. COMPARISON WITH EXACT NUMERICAL DIAGONALIZATION
To validate our expression (53) for the effective Hamiltonian, we compare our analytical results for the manybody energies in the strong-coupling limit with an exact numerical diagonalization of the Hamiltonian (2) in a good spin basis scheme we developed previously.
27,38
As a first test, we compare results for the lowest energy of a given total spin (e.g., S tot = 3). In Fig. 3 , we show the difference ∆E (in units of J k ) between the energy determined from the effective Hamiltonian (53) and the energy found from exact numerical diagonalization of (2) as a function of J kρ (at an arbitrary, but fixed value J s /δ = 0.52). This energy difference ∆E has to scale as ∝ 1/(J kρ ) 5 , which is the next order of correction in 1/(J kρ ) n beyond the threshold of accuracy considered here. The results shown in Fig. 3 confirm this scaling behavior and thereby the accuracy and completeness of our effective Hamiltonian. Similar results (not shown here) are found for other values of S tot and for both even and odd number of electrons in the dot.
It is interesting to study the ground-state value of the total spin S tot . This quantity was studied theoretically 23, 24 and can be probed experimentally.
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The ground-state spin S tot undergoes successive transitions to higher values (known as the Stoner staircase) when the exchange coupling constant J s is varied between J s = 0 and a value J s ∼δ where the dot becomes fully polarized. The transition steps in the Stoner staircase are shifted by the Kondo interaction. In Fig. 4 we show numerical results for the ground state spin diagram in the two-dimensional parameter space of J s /δ, J kρ for a particular mesoscopic realization of the single-particle Hamiltonian of the dot. The exact spin transition curves (colored lines) that separate regions of fixed ground-state spin S tot are monotonically decreasing for J kρ 1 and monotonically increasing for J kρ 1. Note also that for the particular mesoscopic realization chosen in Fig. 4 , some values of S tot (e.g., S tot = 1, 3) never become the ground-state values of the total spin in the weak-coupling limit. In contrast, the ground-state spin assumes these values in the strong-coupling limit. Our analytical results in this limit, shown by the dashed lines in Fig. 4 , are in very good agreement with the exact numerical results down to values of J kρ ≈ 2. The dotted black lines in Fig. 4 are the corresponding transition lines when we do not include interaction terms beyond the renormalized universal Hamiltonian of the reduced dot, i.e., when we assume the effective Hamiltonian to be just given as η +H ′ d [see Eq. (53)]. These dotted curves converge much slower to the full numerical solutions (colored lines) than the dashed curves determined from the effective Hamiltonian (53). However, both the dashed and the dotted lines reproduce the monotonic increase of the exact transition curves with J k for J kρ 2. We conclude that this increase originates in the renormalization of the effective exchange coupling constant in the reduced dot, J s ≈ J s (1 + J s /J k + . . .), which is contained in the approximations used for both dashed and the dotted lines. The renormalized exchange constantJ s decreases with increasing J k , which implies, in turn, that the spin transition curves move upward with increasing J k .
VI. DISCUSSION AND CONCLUSION
We have investigated the strong-coupling limit of the Kondo problem when the screening electrons reside in a large quantum dot that is described by the universal Hamiltonian. The novel feature of this model, as compared with the conventional Kondo problem, is the inclusion of discrete level spacings and electron-electron interactions in the form of a ferromagnetic exchange interaction (that is part of the universal Hamiltonian).
We have followed here a procedure that was originally proposed in Ref. 36 for the conventional Kondo problem in the absence of exchange correlations in the electron gas. As pointed out there, one can find the effective Hamiltonian at strong Kondo coupling (T ≪ T K ) by considering the bare strong-coupling limit J k ≫ t 0 . This bare strong-coupling limit is the one for which we have now provided a closed expression of all interaction terms up to fourth order in t 0 /J k and J s /J k when the electron gas is described by the universal Hamiltonian. However, if the band width D of this electron gas is very large D ≫δ, the limit of strong coupling can be effectively reached at much smaller values of J k than those of the bare limit. For such a system with large bandwidth, the strong-coupling limit corresponds to a Kondo temperature T K that is larger than the system's temperature and average level spacing, T K ≫ T,δ. An important insight in Kondo theory is that the effective Hamiltonians of both strong-coupling limits are related by a scaling analysis 40 in which the Kondo Hamiltonian is renormalized by successive truncations of the band width D, leaving the low-energy physics unchanged. As the reduced band widthD → 0 (or equivalently T → 0), the renormalized Kondo coupling constantJ k diverges.
41
The coupling constants of the various terms in the effective strong-coupling Hamiltonian are typically determined by fitting the lowest excitations of the effective Hamiltonian with those obtained by a numerical solution of the full problem. For a detailed review of this procedure see, e.g., Refs. 2,41,42.
By deriving in Eq. (53) the effective HamiltonianĤ eff for the bare strong-coupling limit, we have completed successfully the first step in our goal to understand the strong-coupling limit of the Kondo problem in the presence of exchange correlations in the mesoscopic electron gas. We found that the exchange interaction in the universal Hamiltonian gives rise to two new terms inĤ eff : a four-body contributionŜ ′4 d that can be absorbed into a spin-dependent exchange coupling in the reduced dot, and a new interaction termŝ 1 ·Ŝ ′ d that describes an exchange interaction between an electron in the vicinity of the Kondo spin and the total spin of the reduced dot. This term is induced by the virtual polarization of the Kondo singlet involving excursions to both the doublet and triplet subspaces. Unlike the conventional Kondo problem (J s = 0), this interaction is non-local as it involves the total spin of all sites of the electron gas (after the removal of an electron at site 0).
It would be of interest to identify similar new interaction terms in the low-temperature behavior of a correlated Kondo state with a large band width D. Our numerical diagonalization method of Ref. 27 is limited to a rather small band width, e.g., N = 11 levels for the results shown in Figs. 3 and 4. For such small band widths, the bare and renormalized strong-coupling limits essentially coincide, and we could use our numerical diagonalization method to validate the analytical derivations. For a numerical solution at larger bandwidths, a numerical renormalization group (NRG) technique 41 might be useful. The challenge for NRG is the inclusion of nonlocal correlations induced by the exchange interaction in the universal Hamiltonian. With numerical solutions at hand it would be interesting to investigate whether the renormalization of the large band width Kondo problem induces any other "leading irrelevant" interaction terms around the strong coupling fixed point beyond those we have identified here.
